hep-th/ 0306234 



New tests of the pp-wave correspondence 



George Georgiou, Valentin V. Khoze and Gabriele Travaglini 

Centre for Particle Theory, Department of Physics and IPPP, 
University of Durham, Durham, DH1 3LE, UK 



george . georgiou, valya. khoze, gabriele.travaglini@durham.ac.uk 



Abstract 



The pp-wave/SYM correspondence is an equivalence relation, H stTmg = A — J, between 
the Hamiltonian if s trmg of string field theory in the pp-wave background and the dilatation 
operator A in M = 4 Super Yang-Mills in the double scaling limit. We calculate matrix 
elements of these operators in string field theory and in gauge theory. In the string 
theory Hilbert space we use the natural string basis, and in the gauge theory we use the 
basis which is isomorphic to it. States in this basis are specific linear combinations of 
the original BMN operators, and were constructed previously for the case of two scalar 
impurities. We extend this construction to incorporate BMN operators with vector and 
mixed impurities. This enables us to verify from the gauge theory perspective two key 
properties of the three-string interaction vertex of Spradlin and Volovich: 
(1) the vanishing of the three-string amplitude for string states with one vector and one 
scalar impurity; and (2) the relative minus sign in the string amplitude involving states 
with two vector impurities compared to that with two scalar impurities. This implies 
a spontaneous breaking of the Z 2 symmetry of the string field theory in the pp-wave 
background. Furthermore, we calculate the gauge theory matrix elements of A — J for 
states with an arbitrary number of scalar impurities. In all cases we find perfect agreement 
with the corresponding string amplitudes derived from the three-string vertex. 



1 Introduction 



The pp-wave/SYM correspondence in its original form pQ emphasises a duality relation 
between the masses of string states and the anomalous dimensions [2j of the BMN oper- 
ators in the dual gauge theory. This correspondence was further discussed and extended 
in [Hill], where it was expressed in the form [3] 

— -^string = A — J . (1.1) 

Here H stTing is the full string field theory Hamiltonian, \i is the scale parameter of the pp- 
wave background, and A — J is the gauge theory dilatation operator (which in the radial 
quantisation formalism plays the role of the Hamiltonian Hsvu) minus the R-charge. The 
relation (jl.l|) is expected to be exact and hold in the double scaling limit N ~ J 2 — > oo 
to all orders in the two free parameters of the theory, g 2 and A' 

w _ 9ymN _ 1 \ 
J 2 ~ (w+a*) 2 ' 1 ] 

J 2 

92 = — = 4vr# st (/VV) 2 . (1.3) 

On the gauge theory side, A' is the effective coupling constant of the BMN sector, and g 2 
is the effective genus counting parameter of Feynman diagrams PUEIE]- ^he right; hand 
sides of (jl.2|) . (jl.3|) express A' and g 2 in terms of the pp-wave string theory parameters 
to the effect that 1/A' oc fi measures the deviation from the flat background and g 2 is 
proportional to the string coupling g st in IIB. 

Since the two Hamiltonians, H str i ng and A, act on the states of two different theories, 
the duality relation (jl.lj) requires an isomorphism between the Hilbert spaces of the light- 
cone gauge pp-wave string field theory and of the BMN sector of the M = 4 gauge theory. 
More specifically, we need to establish a one-to-one correspondence between the bases of 
two theories, {|s a ) string } and {|s Q ) SYM }, 

| Sa) stnng ^ K)S YM ^ (L4) 

which preserves the scalar product, 

string (s a M string = SYM (sa\sa) SYM . (1.5) 
Then the correspondence (jl.lj) holds at the matrix elements level, 

strins { Sa |/.- 1 i/ s t r i Ilg |^) string = SYM (s a \A - J\s?) SYM . (1.6) 

The string field theory Hilbert space is equipped with a natural basis of multi-string 

states, 

{|-5 a ) strmg } = |string a ) , |string b ) <g> |string c ) , |string d ) <g> |string e ) <g> |stringj) , . . . (1.7) 
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which diagonalises the free string Hamiltonian and is automatically orthonormal. Here 
a,b, . . . are the labels of single-string states. This basis does not diagonalise the full string 
Hamiltonian, String, since free string states in (jl.7j) can interact (split and join). The 
splitting and joining of a single string state is described by the three-string interaction, 
and the corresponding matrix element on the left hand side of (jl.fij) is 

(string a |fl2bring|string 6 ) ® |string c ) = (stringj (stringy | (string c |F 3 ) . (1.8) 

Here the \H^) is the three-string interaction vertex in the light-cone string field theory 
in the pp-wave background. The expression for this vertex was originally obtained by 
Spradlin and Volovich [71|S] and further studied and clarified by Pankiewicz and Stefanski 
in and in other papers including [TT) I12|. Its expression is recalled in Appendix 

A. 1 However, there is a puzzle related to the three-string amplitudes (jl.8j) built on the 
Spradlin- Volovich vertex which we would like to clarify in this paper, among other things. 
The presence of a non-trivial R-R field in the pp-wave background breaks the light-cone 
Lorentz symmetry SO (8) down to SO (A) x 50(4) x Z 2 . The two 50 (4)'s rotate the 
first and the last four directions among themselves, while the Z 2 symmetry swaps these 
two groups of four directions. Apparently, the Z 2 part of the bosonic symmetry of the 
pp-wave background is not respected by the Spradlin- Volovich three-string interactions 
[IH EH El [HUE!: there is a relative minus sign in the string amplitude involving states 
with two oscillators along the first 50(4) compared to that with two oscillators along the 
second 50(4). An unbroken Z 2 -invariance would not allow this to happen. We will argue 
now that this minus sign implies a spontaneous breaking of the Z 2 symmetry of the string 
field theory in the pp-wave background. 

The ket- vertex \H 3 ) (jA.5|) . (|A.6|) of [7JIH] is built on the string state |0) which is the 
ground state of the theory in flat background, but not in the pp-wave background. At the 
same time, the external string bra-states in ()1.8j) are built on the true pp-wave ground 
state \v). It was explained in [TTj that these two states, |0) and \v), have an opposite 
Z 2 parity, i.e. cannot be both invariant under Z 2 . Hence, it follows immediately [HIE] 
that the amplitude (jl.8|) is not invariant under the action of Z 2 , but changes sign. In the 
recent paper [TJ], the result of pHE], which utilised the vacuum |0), was compared with 
an alternative formalism of constructing \H^) starting directly from the true ground-state 
\v). The two formalisms were found to be identical. Following P2JE1IE] we choose the 
Z 2 -parity prescription 

Z 2 : |0> -> |0) , Z 2 : \v) -> -\v) . (1.9) 

This means that the vertex \H 3 ) built on |0) is invariant under Z 2 , but the pp-wave string 
ground-state (v\ and, hence, the external states (stringj (strings | (stringj in (jl.8|) . acquire 
a minus sign. This implies a spontaneous breaking of the Z 2 symmetry of the string field 
theory in the pp-wave background, which is the physical reason for the minus sign of the 
matrix element discussed above. 

x For notational simplicity and in order to distinguish this vertex from other proposals, we will some- 
times refer to the vertex of jZUHlElEIj simply as the Spradlin- Volovich vortex. 
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One of the objectives of this paper is to verify with an independent gauge theory 
calculation this important minus sign (and hence the spontaneous breaking of Z 2 ), as well 
as the related fact that the three-string amplitude (jl.8|) vanishes for string states with one 
direction along the first, and one one direction along the second SO(4), i.e. one vector 
and one scalar impurity in the gauge theory language. 

As already mentioned, and following [UEEEl j * n or der to compare ()1.8|) with matrix 
elements of the dilatation operator in gauge theory via (jl.6|) . it is important to identify 
a basis in gauge theory which is isomorphic to the natural string basis (|1.7JL We discuss 
this issue in section 2. States in the isomorphic to string basis, {|s a ) SYM }, are obtained 
from linear combinations of the original multi-trace BMN P] operators O a (x), 

\s a ) SYM = U aP O p {x = 0)|0) , (1.10) 

where U a p is an x-independent matrix. This matrix was determined in [HIT?] by requiring 
that (jl.6|) holds, i.e. that the known three-string interaction vertex of the pp-wave light- 
cone string field theory [7J|H] is reproduced from gauge theory matrix elements of the 
dilatation operator involving BMN states (operators) with two scalar impurities. 

In this paper we will take U af 3 determined in [T7| . and use it to construct the gauge 
theory basis ()1.10|) for an arbitrary number of scalar impurities. With this in hand 
we can compute generic gauge theory matrix elements on the right hand side of (jl.6|) . 
The contributions on the left hand side of (jl.6j) are then computed using (|1.8J) . We 
will verify (jl.fi j) and hence the Spradlin-Volovich expression for \H^) for generic bosonic 
impurities. First successful steps in this direction have been already taken in fTJ^] at 
the level of arbitrary number of identical scalar impurities. 2 However, the inclusion of 
vector impurities is essential in order to address in the gauge theory the two important 
properties of the three-string interaction discussed earlier: 

(1) the vanishing of the three-string amplitude for string states with one vector and one 
scalar impurity; and 

(2) the relative minus sign in the string amplitude involving states with two vector 
impurities compared to that with two scalar impurities. 

In sectionElwe will verify (1) and (2) working at the two-impurity level, and will con- 
sider all representations of BMN operators with two vector or scalar impurities, i.e. sym- 
metric traceless, antisymmetric and singlet. By considering BMN operators with vector, 
scalar and mixed (scalar -l-vector) impurities we explore and verify the correspondence 
(jl.6|) for string states in all the directions of the two 5*0(4) groups. 

In section EJ we will calculate the gauge theory matrix elements of A — J for states 
with an arbitrary number of scalar impurities. Next we compute the corresponding three- 
string amplitudes derived from the three-string vertex and compare them to the field 
theory result, finding perfect agreement. 

2 For further tests of the correspondence in the open-closed string sector, see |19| . 
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Finally, section 4 and section 6 are dedicated to computations of three-point correlators 
of BMN operators. These results are used earlier in section 3 and 5 for the calculation 
of matrix elements. More specifically, in section 4 we compute the coefficient of the 
conformal three-point function of BMN operators with mixed (one scalar and one vector) 
impurities. In section 6 we generalise this analysis to the case of BMN operators with an 
arbitrary number of scalar impurities. 



The dilatation operator in SYM and the natural 
string basis 



As mentioned earlier, the BMN basis in SYM which is isomorphic to the natural string 
basis in dual string field theory, is a certain linear combination (Jl.lOj) of the original BMN 
operators O a (x) proposed in [T]. The states in the natural string basis are not identically 
equal to the original BMN operators since the former are automatically orthonormal, 
while the latter are not, and their overlaps depend on the string coupling g 2 . In other 
words, the matrix U in (jl.10)) is not simply the identity matrix. 

Apart from the original BMN basis, there is another distinguished basis of the confor- 
mal primary BMN operators 0& a (x) which are the eigenstates of the dilatation operator 
A in gauge theory. This A-BMN basis is again a linear combination of the states from the 
original BMN basis O a (x) with a different x-independent matrix U. For BMN operators 
with scalar impurities, this basis was constructed in [20J and extended to include vector 
and mixed impurities in [21] . The A-BMN basis is particularly convenient since the two- 
and three-point correlation functions of A-BMN operators can be written in the simple 
canonical form with a universal x-dependence, guaranteed by conformal invariance of the 
theory. For conformal primary operators with scalar impurities these canonical correlators 
are particularly simple and are given by 

<<>)0a,(O)> = ^, (2.1) 

C 

(0 Al (a:i)OA 2 (x 2 )Oi 3 (X3)) = A, + A,-A,, , - . A^Aa-A, , A a+ A 3 -A 1 • (2-2) 

K 2 ) 2 (xi 3 ) 2 (Z23) 
Canonical expression for the correlators involving conformal primary operators with vector 
impurities appear to be much less illuminating and harder to interpret, however it was 
noted in [21] that this difficulty is avoided and the correlators for all types of impurities 
can be expressed in the same form, similar to (J2.1j) and ([2.2)1 . if on the left hand sides 
of ([2-1)1 and ([2.2)1 we use a different notion of conjug ation O instead of 0* [21]. This 
different notion of operator conjugation is defined as hermitian conjugation followed by 
an inversion of the operator argument x'^ = x^/x 2 . Under inversion a scalar operator 
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O a (x) of conformal dimension A transforms as 

Ol(x) -> Oi(x') = x 2A Ol(x) , x, - a£ = , (2.3) 

while a vector or tensor operator (i.e. operator with vector impurities) contains a factor 
Jnu{ x ) — $(iv — 2x fM x u /x 2 on the right hand side for each vector index of the operator. 
Jfiv( x ) i s the usual inversion tensor, in terms of which the Jacobian of the inversion is 
expressed dx' /dx v = J^ u {x)/x 2 . This prescription is essential in order to make vector 
A-BMN operators orthonormalisable, see section 2 of [21] for more details. 

With this prescription, the two-point function (j2.1|) for vector and for scalar A-BMN 
operators takes the same simple form: 

(O Act (x)O Ap (0)) = 5 a p, (2.4) 

which does not depend on x and hence has the meaning of overlap of the corresponding 
states in the gauge theory Hilbert space. 

Note, however, that these A-BMN states are the eigenstates of A, i.e. the eigenstates 
of the full interacting string Hamiltonian, so they cannot be identically equal to the 
states from the natural string basis. The relation between the two bases is again a linear 
combination 

\s a ) SYM = U a pO Ap (x = 0)|0> , (2.5) 
with another constant matrix U a p. In general, for any basis of operators O a such that 

O a = U aP O A0 , (2.6) 

the overlap is given by 

(d a {x)6 p (Q)) = U 0J U\ a = Sp a . (2.7) 

The operators O a do not anymore have definite scaling dimensions A, but since they are 
expressed as a linear superposition of conformal primary operators which do, there is no 
problem in performing the inversion required to define O a (x), and the right hand side of 

(J2ZZD follows. 

Now we describe a practical way of how to calculate simultaneously the overlaps and 
the matrix elements of the anomalous dimension operator 5 = A — A c i, where A c i is 
the engineering dimension. Let us define the barred-operator 0(x) as the Hermitian 
conjugation of 0(x) followed by an inversion of the resulting operator, defined as if it was 
free, i.e. instead of the factor x 2A in (|2.Hj) we put x 2Acl , such that, 

6 A (x) ee x 2Acl J-O a (x) , (2.8) 
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where J l _ iv {x) is the usual inversion tensor for each vector index (each vector impurity) of 
the operator. Then the two-point function takes the form: 

(d a (x)df,{0)) = U M e & ^ x ' 2 U\ a = S Pa + Tp a \ogx- 2 + 0{(\ogx- 2 ) 2 ) . (2.9) 

Here we have expanded the full result in powers of logo; -2 . The overlap of the two states 
is defined as the zeroth-order term in the expansion, Sp a = Up y U^ a , and the matrix of 
anomalous dimensions in this basis is the first order term, 

T/3a = U^U\ a . (2.10) 

We note that (|2.9|) . and hence the definitions of the overlap and the anomalous dimension 
matrix, are valid to all orders in the gauge coupling, and so can be in principle computed 
to all orders in A' and g<i for any basis O a . 

By initially relating this basis to the A-BMN basis we avoided all the problems of 
removing the 'non-universal' x-dependence on the right hand side of the correlator. Now 
we can forget about the A-BMN basis and follow the simple prescription discussed above: 
for an arbitrary basis, the overlap matrix Sp a and the anomalous dimensions matrix Tp a 
are the zeroth and the first term in the expansion of (|2.9jl in powers of logx~ 2 . 

We now consider the original BMN basis, for which we have 

(6 a (x)O p ) = Sfs a + T Pa logx- 2 + -- - , (2.11) 
and relate this basis to the isomorphic to string basis via ([1.10)1 . 

Oj rins = ^ 7 7 , Of ins = Wj a . (2.12) 

In the isomorphic to string basis (which is automatically orthonormal, as explained earlier) 

we get 

^string = 1= USJ j] ^ T string = jjjjji _ ^ ^ 

We note that S is a Hermitian, positive matrix (it is a matrix of norms), therefore the 
matrix S~ 1 ^ 2 is well-defined. 3 S is then diagonalised by the matrix U := • V, where 

VW = 1: 

S — ► USW = 1 , (2.14) 
T — > UTlP = V*(S-sTS-*)V . (2.15) 

The arbitrariness contained in V, which is still left at this stage was fixed in jHE] by 
requiring that (jl.6|) holds and that the known three-string interaction vertex of the pp- 
wave light-cone string field theory [7, 8J is reproduced from gauge theory matrix elements 
involving BMN states (operators) with two scalar impurities. This condition implies 
V = t. Hence, the matrix of anomalous dimensions in the string basis is given by 

T := T string = S'^ T . (2.16) 
3 We would like to point our that this matrix appears also in JHj and [22j< 
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In the following sections we will show that, with the same choice of V = 1, the matrix 
elements of F between BMN operators with 

• two vector impurities, 

• one vector and one scalar impurity and, finally, 

• an arbitrary number of scalar impurities, 

precisely agree with the corresponding matrix elements of the interacting string Hamil- 
tonian. We will consider all representations of BMN operators with vector or scalar 
impurities, i.e. symmetric traceless, antisymmetric and singlet. The inclusion of vector, 
mixed (scalar-vector) and scalar BMN operators allows us to study the correspondence 
for string states in all of the pp-wave light-cone directions. 

Other studies of the dilatation operator in gauge theory and its interpretation in 
quantum mechanical models, which we do not pursue here, can be found in the recent 

papers jSHlEUEaEH! . 



3 Tests of the correspondence in the two-impurity 
sector: scalar, mixed, and vector states 



In this and the following sections we will need the expressions for the single-trace original 
BMN operators: 

Oi c = - T L=TrZ J , (3.1) 
Ol hm = C^e^Tr^Z^Z^)) , (3-2) 
J mm = Uj^e^r[{D,Z)Z\D v Z)Z^] + i:r[{D,D v Z)Z^ , (3.3) 



c 



.1=0 



.i 



°L» = ^^E e ^ Tr ^(^)^]+ Tr [(^)^ +1 ]J > (3-4) 

where i,j — 1, . . . , 4, //, u = 1, . . . , 4 label the scalar and the vector impurities. Note that 
in writing 0^- m and O J m we have taken i ^ j and \i ^ v, where the above expressions 
take the simple form ()3.2|) and ()3.3j) . We also defined 

JN J+2 2 47T2 

The normalisation of the operators is such that their two-point functions take the canon- 
ical form in the planar limit. We also note that expressions for O j and Of contain 



appropriate compensating terms . These terms are required in order for the corre- 

sponding operator to be conformal primaries in the BMN limit. 



ij,m 


: O y J : 

ij,m 


■ ^vac 


j-J,y — 

fj,u,m 


: O y J : 


■ ^vac 


n-J,y _ 

ifj,,m 


: O y J : 


■ vac 



The operators in ()3.2j) - (j3.4)) are the original BMN operators. They are related to each 
other by supersymmetry transformations |2"7| . In order to test the correspondence, we 
need to use a different basis of operators which is isomorphic to string states, as discussed 
earlier. Importantly, the isomorphic to string operators Of„ m , J vm are related to the 
Ofj m in exactly the same way as the original BMN operators are. This is because the 
matrix U in (|2.fi|) is a numerical matrix, i.e. it does not contain any fields and does 
not transform under supersymmetry. Hence, U is the same for scalar, vector and mixed 
impurity BMN operators. 

We will also need the expressions for the double-trace operators 

(3.6) 

(3.7) 

(3.8) 
where y G (0, 1). 

From the three-string vertex of pJIB] one extracts the following matrix elements of the 
string Hamiltonian in the large-/! limit: 

1 A' 

-(^•,ml#strmg|^>) = ~ Cnorm — Sm^TTTm/) , (3.9) 
(^i,m I -^string I ^i/x'n) = ' (3.10) 

1 A' 

-(Ci.ml^stringl^n) = C norm — SIB. 2 (irmy) , (3.11) 

for fi ^ v and i ^ j. The overall normalisation C norm is left undetermined in string field 
theory. In order to get agreement with the field theory result we will set here 4 

n _ _92 y/y(i-y) 19 v 

L'norm — ^ ^y-j • [o.LZ) 

Using this normalisation, ()3.9j) and (|3.11j) become 



hn J \H \T J > y )---(0 J \H ■ \T J >*)-\' 92 Vi 1 ~ v)/v si ^ m v) (313) 

, \ ^y.m I-" string | I ij,nl ~ , uv,m I -"string | 1 av,nl ~ A r~f o 2 ' K°- 10 ) 

fj, jJ, V J £ 71 



4 Cnorm is further discussed in section 5.2, where we consider the case of arbitrary many impurities, 
see (|5.24|) . 
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As mentioned earlier, the agreement of ([3.9]) with the corresponding gauge theory matrix 
elements was found in [17] . We will show that agreement with gauge theory holds also 
for (I3~TU1) and (EHTl) . 



We now need the explicit form of the matrices S and T in the original BMN basis. 
Both S and T have an expansion in powers of g 2 , but in our analysis we will need their 
expressions only up to and including 0(g 2 ) terms. We will also work at one loop in the 
Yang-Mills effective coupling A', where the matrix T is of O(X'), whereas S is of 0(1). In 
this case, (j2.9j) is simply 

(O„(0)6 p (x)) = S aP + T Q/3 log(xA)- 2 . (3.14) 

The pleasant fact is that expressions for S and T are closely related and can be obtained 
from the coefficients of the three-point functions, which were derived in |2U]I2T] for BMN 
operators with two scalar and two vector impurities, respectively. We also need to know 
S and T in the case of mixed (i.e. one scalar and one vector) impurities. The three- 
point functions of such BMN operators were not considered previously, and they will be 
calculated in section EJ 



The diagonal elements of S and T can be immediately obtained from 

(O J AB , m (0)O J AB>n (x)) = 5 mn (l + A'm 2 log(A*)- 2 ) , (3.15) 

= 8 mn 6 yz (1 + A> 2 /y 2 ) MA*)- 2 ) . ( 3 .16) 

The previous expressions are valid up to O(X') and 0(g 2 ), and were derived originally 
in jniEHI for the scalar case, and in [SSIEHIISIII for the mixed and vector case. 

To determine the off-diagonal elements, we need to compute the two-point correlators 
(XabtSP) &AB,n( x ))- To this end, let us momentarily focus on the following class of three- 
point correlators, 

G( Xl , x 2 , x 3 ) = (Oli^i)Ot y) ^X2)Oi B ^x^ , (3.17) 

where A = (i,fi) and A ^ B. On general grounds, these three-point function have the 
form 



G(xx,x 2 ,x 3 ) = g<iC m ,ny [l - A' {a m ^ y log(a;3iA) 2 + b mtny log(a;322;3iA/si2))] , (3.18) 
where giC m ^ ny is the tree-level contribution, with 



r ._ V( 1 -y)/y sin 2 (7rrm/) 
V J 71 [m — n/yy 

and the coefficients a m ^ ny and b mm must be calculated in perturbation theory at O(X'). 
The two-point function {T AB n (0) 6 J ABm (x)) can easily be deduced from ([3.17]) by setting 
£13 = £23 = x and x 12 = A" 1 

C*X(0) J AB>m (x)) = g 2 C mm [1 + A' (a m , ny + b„) \og(xA)- 2 ] . (3.20) 
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The matrices S and T are then given, up to 0{g 2 \ by 

$mn 92 C m q Z 

S = I I + C% 2 2 ) = 1 + 92S + 0{gl) , (3.21) 



92 ('py.n &pq 

3mn 92 Cm^ny (ft -|- &)m,gz 




3pq3yz 



(3.22) 

+ 0(^ 2 ) (3.23) 



with 



m 2 5 mn 



d = X'\ , (3.24) 



(p 2 /?/ 2 ) <W& 



C>m t ny ifl "}m,gz 

t = X' ( I . (3.25) 

Cpj/,n (^ "I - ^)pj/,n 



It then follows that 



diagonalises 5 at 0{g<z). 



S- 1 l 2 = t-g 2 {s/2) + 0{gl) (3.26) 



We now need to compute the explicit expressions for a v mn and o^ n , in the scalar case, 
mixed (scalar-vector) case, and finally in the vector case. 

It is easy to compute at O(X') the coefficient a y mn in planar perturbation theory, which 
turns out to be 2 

ftm.ny K j (3.27) 

y 2 

independently of the type of impurity considered. Notice that this is exactly the O(X') 
anomalous dimension 5 of the "small" BMN operator at X\. 

We will now explain how b m ^ ny is determined from the coefficients of the conformal 
three-point function. First we note that the correlator ()3.17j) does not take the conformal 
form (|2.2|) since the original BMN operators in (|3.18|) are not conformal primaries for 
#2 7^ due to operator mixing |3*3*l l20|. However, at leading order in g 2 , the only mixing 
effect which contributes to ()2.2j) is the presence of the double-trace corrections in the 



5 It is immediate to convince oneself that the Feynman diagrams contributing to the loga;^ part of 
{O a J b n^OCvatT^ J (x2)O j ab m (xz)) are those where the operator 0^ y " >J (X2) does not participate in 
the interaction, i.e. they are precisely the Feynman diagrams contributing to the anomalous dimension 
of O v A g n (%i) - embedded in a three-point function. 
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expression for the conjugate A-BMN operator. 6 Importantly, [2H1E], these mixing effects 
cannot affect the remaining logarithm, A'log£ 2 2 , which can then be computed without 
taking into account mixing altogether. Hence, we can use the right hand side of the 
conformal expression ()2.2)1 in order to compute the coefficient b m ^ ny in (I3.18J1 . Expanding 
the right-hand side of ()2.2j) to O(X'), and equating the coefficient of the \ogxl 2 to the 
corresponding term in (jSHZJ), we obtain 

g2C m ,nyb m ,ny = ~ ^/V) C(A n B^ n , Vac| A m B^ m ) , (3.28) 

where C(c n D_ n , vac| A m B^ m ) is the coefficient C123 of the conformal three-point function 
{0£ D Sx{)Oii c (x 2 )0 J AB ^Xz)). We used A 1 = J, + 2 + \>n 2 /y\ A 2 = J, and A 3 = 
J + 2 + X'm 2 . 



Equation ()3.28|) determines b m , ny in terms of the coefficients C(c n D_ n , vac| A m B_ m ) of 
the three-point function. These coefficients for BMN operators with two scalar impurities, 
one scalar and one vector impurity, and two vector impurities are given by: 

C(kJ- n , vac| i m j~m) = CI23 TT~n ^277 Stikfyj m2 + V jSij6 k i —z (3.29) 

yn 2 (m 2 - ^) 2 \ V V z f 

■ 1 • \ ^var 2 sin 2 (7rm?/) ..If n\ 2 

C{3 n v-n, vac|« m /i_ m ) = C 123 — — — —5^5 -r[m+ - , (3.30) 

yir 2 (m 2 - -^) 2 4 V yj 



„. . , „ rar 2 sm 2 (iTmy) / n 2 . . ran , , 
C{p n a_ n , vac| HmV-m) = C 123 — — — -3— 6^ p d^ v — + b^ p b a]u h jVV 771 



■y7rV 2 -£) a ™ ; J/ 3 ■" ' y 



(3.31) 



where Cj|g = a/ JJ\J 2 /N = (g 2 / \f~J)^Jy(l — y), and the symmetric traceless and anti- 
symmetric traceless combinations of two Kronecker deltas are defined as 

8i(k8i)j = \{.$ik$ij + SuSkj) — \Sij5ki , Si[kSi]j = 2 (5ik5ij — 5u5kj) ■ (3.32) 

The three-point function coefficient for scalars ()3.29j) was derived in |2H| (the simple 
case n = was first obtained in (Sj), whereas that for the vectors, (J3.31j) . was recently 
obtained in [2T] . The three-point function coefficient ()3.30|) for the case of mixed scalar- 
vector impurities is a new result, and its derivation is presented in section 0] of this paper. 



From ()3.29j) - (j3.31|) and (|3.28jl . it is then immediate to derive the coefficients b m ^ ny 

6 This is because the double-trace corrections to the single-trace expression for an original BMN op- 
erator is of 0(52), i-e. suppressed with 1/N. This can be compensated by factorising the three-point 
function into a product of two two-point functions, which is possible only for the double-trace mixing in 
the operator O. 
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which correspond to considering scalar, mixed, or vector BMN operators in ()3.17|) : 

mn 

y 



[frm,nj/] scalar 
[^m,n?/] scalar— vector 
K,ny) yectoT 

In conclusion, using ()3.2U|) we get, up to 0(g 2 ). 



m 2 — 



— m 
2 



n 



If 



n mn 



= g 2 C m , 



a u 



mn n 



1 + A' m + — log(xA) 



C#J(0) 0^ m (x)) = g 2 C m , 
O^Jx)) = g 2 C m , 



A' 



y f 



n 



1 + — [m 2 + — log(xA) 



If 



I A'( J log(xA)- 2 



(3.33) 
(3.34) 
(3.35) 



(3.36) 
(3.37) 
(3.38) 



We will now make use of the expressions for these three correlators to construct the matrix 
T, and therefore the matrix T dual to H^ ing , in the three cases of BMN states with (i) 
two scalar, (ii) one scalar and one vector, and finally (iii) two vector impurities. These 
three cases are addressed separately below. 



3.1 Matrix elements with scalar BMN states 



This case was first analysed in and we review it here for completeness. 

Substituting ()3.27|) and ()3.33|) in ()3.23|) . we find that the matrix T sca i ar is given, at 
0(g 2 ), by 7 



m 



scalar 



A' 



g2C m , ny (m 2 - mn/y + n 2 /y 2 ) 
g 2 C ny:m (m 2 -mn/y + n 2 /y 2 ) n 2 /y 2 

= d + (^scalar • 



(3.39) 



Multiplying it on the left and on the right by S l ^ 2 = t — g 2 (s/2) + 0(g 2 ) we get the 
expression for the matrix T introduced in (j2.16|) at 0(g 2 ): 



Tscaiar = d + g 2 [^scalar - (V 2 ){ S ) d }} 



(3.40) 



7 We use a somewhat simplified, but correct, notation for the indices of the matrices S and T. 
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m 2 (g 2 C m;ny /2) (m - n/y) 2 

a' ; 

(92C ny , m /2) (m - n/y) 2 n 2 /y 2 



from which it follows, using the definition (j3.19|) of C m . 



nyi 



(n j , r I T J,vs _ y 92 VP- - y)/y sin 2 (7rrm/) 

\ U ij,m I 1 scalarl Jy,J - A —= — . (3.41J 

This result was first found in . (j3.41j) agrees with ()3.9|) after choosing the normalisation 
(j3.12|) for the string result. 



3.2 Matrix elements with mixed BMN states 

In this case, using ()3.27|) and (j3.34|) we can determine the matrix T mixe d in (j3.23j) for the 
case of mixed impurities. It is given, at 0(g 2 ), by the following expression: 

/ m 2 g2C m ,ny{m 2 + n 2 /y 2 )/2 

T mixcd = A' j (3.42) 

\ 92C ny , m {m 2 + n 2 /y 2 )/2 n 2 /y 2 

= d + g 2 tmixed , 

where we used a m ^ ny + &™"y d = {jn 2 + n 2 /y 2 )/2. It then follows that 

m 2 

r mixe d = d + g 2 [t mixed - (l/2){s, d}} = A' I I , (3.43) 



n 2 /y 2 



and hence 



(0^,m |r mixe d| Til) = . (3.44) 

This verifies in gauge theory the vanishing of the three-string amplitude ()3.10p between 
states with one scalar and one vector impurity, which was predicted in jH]. 



3.3 Matrix elements with vector BMN states 



Finally, we study the case of vector BMN impurities. Using ()3.27j) and ()3.35j) we obtain 
the matrix T vec tor in ()3.23|) for the case of vector impurities. At 0(g 2 ), it is given by: 



m 



2 



g2C m ,ny (mn/y) 



Sector = A' | j (3.45) 

g2C ny , m (rnn/y) n 2 /y 2 
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= d + (?2 ^vector j 

where we used a m ^ ny + &™^° r = mn/y. It then follows that 

Tvector = d + g 2 [tvector - (l/2){s , rf}] (3.46) 

m 2 -(g 2 C m!ny /2) (m - n/y) 2 

-(92C m , ny /2) (m - n/yf n 2 /y 2 



= X' 
from which we get 



W i r I T J,« v _ y ^ ~ y)/y sin 2 (7rmy) 

V^^v,m I 1 vector| 1 ilv ^ n l ~ A /j: K -^ 1 ') 
= ~ (®ij,m l-^scalarl ^ij,n) ■ 

As advertised earlier, the off-diagonal elements (0^ u m |r vector | T^ y n ) of r vector are precisely 
the opposite of the corresponding elements (Ofj m |r scalar | of r sca i ar . This again had 
been predicted in string field theory in [H]. As explained in the introduction, this signals 
the spontaneous breaking of Z2 symmetry in pp-wave string theory. 



3.4 Generalisation to all representations for two-impurity BMN 
states 



Finally, we extend our previous computations to include all representations of scalar and 
vector BMN operators with two impurities. 

We recall here the results from the previous sections: 



ln j i F \ T J,y\ _ _, n j |p \ T j tV s. _ y 92 y/(l-y)/y sin 2 (irmy) 

\ w ij,m I 1 scalarl 1 ij,n/ \ w [iu,m 1 1 vector | 1 jj,v,nl A rj 2 It 2 ' 

(o(^ m |r mixcd | Til) = > ( 3 - 48 ) 

(i ^ j, [A ^ v) which correspond to the string field theory amplitude (|3.9jl . (13.10)) and 
(|3.11j) . From these results it is immediate to obtain 

{®i>H,m I ^ vector | ^j,n) = ^ \iv,m I ^ vector | ^ui/,n) ) (3.49) 

since this amounts to complex conjugate the BMN phase factor contained in 0^ vm , i.e. to 
exchange m — > —m (same considerations apply for the scalar amplitude). Equation ()3.49|) 
follows since the first expression in 1)3.48)1 is even in m. Therefore we can at once obtain 
the result for the symmetric-traceless and antisymmetric representations for vectors: 



j . JtV ,g 2 y/(l - y)/y sin 2 (7rmy) x 

\ U (pv),m I 1 vector | J ( pa ),n/ ~ ~ 7/j ^2 °n(j>°cr)v, {O.OU) 
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(®\iu/\,m I ^ vector | _) — , (3.51) 



\pv],m I 1 vector | 1 \ prJ \,n 

whereas for scalars, 



ln j , r lT J, y v w ^2 V(l ~ y)/y sin 2 (7rmy) 

\ U (ij),m I 1 scalar | ^( fe Q,J ~ ^2 d *(* d 0j ' 



7T- 



(^feLm I Tscalar | ^.fl'J - . (3.53) 



[ij],m I 1 scalar | ^[kl^n 

Here we have defined 

<V) = + a,) - % E ' °[H = ^ - ^) • (3.54) 

p 

The vector singlet case can be treated instantly by noticing that the three-point function 
coefficient for vector singlets is actually the same as the three-point function coefficient 
for the symmetric-traceless scalars, as it can be seen by comparing ()3.29j) to (|3.31|) . This, 
together with ([3.52)1 . immediately implies that 8 



ln j , r lT J, y v y 92 y/(l-y)/y sm 2 {7imy) 

\ ^vector l,m 1 vector | - 1 vector l.nl rrp n 

~~ ~~ (^scalar l,m I -^scalar | ^scalar l,n) ' (3.55) 

where Ci = (1/2)5^ C? MAt . We notice that the result for the scalar singlet amplitude 

(Scalar i,m I ^scalar | ^caiari,n) a g rees witn tne result found in 18j. The opposite sign in 
()3.55|) for the vector singlet compared to the scalar singlet case is again a manifestation 
of the (spontaneously broken) Z 2 symmetry in pp-wave string theory. 



4 A technical aside: three-point function with mixed 
impurities 

In this section we derive the expression ()3.30|) . The reader not interested in the actual 
calculation can turn a few pages and proceed to the next section. 

Here we would like to compute the coefficient of the three-point function of one vacuum 
operator (|3.1j) and two conformal primary A-BMN operators with one scalar and one 
vector impurity, 

Q J = O j H (41) 

8 The reader willing to derive explicitly the result (|3.55|) for vector singlets should be aware that, for 
singlets, (JUl should be modified to (7^(0) 0{ iJn (x)) = g 2 C m ,n y [l + A' (a m . ny + b m , ny ) log(a;A)- 2 ] + 
g2C- m ,ny [l + A' (ci- m . ny + b- m , ny ) log(a;A) _2 ] , and that, from the result (^.Hljl derived in [ST] , it follows 
that [& m ,„j,] voctor! 1 = m 2 - mn/y. 



15 



where J iiim is defined in (J3.4j) . The operator Of has a definite scaling dimension, 
A n = A d + d~ n , which implies that the single-trace expression Of m on the right hand 
side of (14. 1|) must be accompanied by multi-trace corrections (and other mixing effects) 
at higher orders in #2 |33)l20] . The dots on the right hand side of (j4.1j) stand for these 
corrections. 



Nevertheless, our strategy is to study the three-point correlator of the original BMN 



operators 0^ m , 



(4.2) 



92Q 



m,ny 



a m ,n y log(x 31 A) 2 + C d log 



m,ny 



^32^3lA 


)] 


Xl2 





and to focus on the computation of the coefficient &™^ d of the log X12 



This is because, 

for reasons explained in the paragraph below ()3.27|) . this coefficient can be computed 
without taking into account mixing altogether, and is directly related to the coefficient 
of the three-point function of conformal primary BMN operators with mixed impurities 
through 1)3.28)1 . Therefore, from now on we will work with the original BMN operator 

(HI. 



The mixed BMN operator in ()3.4j) contains two terms: a "pure" BMN part and a 
compensating term, first and second term on the right hand side of (|3.4)1 . respectively. 
The Feynman diagrams contributing to the Green's function in ()4.2)1 can be divided into 
two classes: those obtained by taking only the pure BMN part of Oj u J n (xi) and J ifim (x3) 
and those where the compensating part is taken (in one or both operators). As already 
explained, we will focus only on diagrams which can produce a logx 12 dependence, and 
both classes of diagrams contribute to the coefficient &™™ d in ()4.2)) . For the sake of clarity, 
we quote here the results from these two classes of diagrams: 

K x 4 d ] comp = -\{ m -f) ■ ^ 

The total result 

[^ m .™J/]scalar-vector = \Pm,ny ] BM N + [^m,ny ] comp = g ^ ~ ' 



was anticipated in 1)3.34)1 . We now compute separately these two classes of diagrams. Our 
notation and conventions are summarised in Appendix B. 
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4.1 Diagrams originating from the "pure" BMN parts 





Figure 1: Diagrams with scalar impurity interacting. Diagrams la and Id have positive 
signs, all the others have negative signs. 



2\ (9 2 ^ 



, ii. ■ 2(Pj - P n +P T - P n ) ■ (2«V)c% ■ X . (4.6) 
9 J V ^ / 

The first term on the right hand side of (|4.6|) comes from the diagram la (the coefficient 
of 2 is easily seen from —Vf in (IB .4(1 ). the second term is the sum of diagrams lb and lc. 
The relative sign is also immediately seen from the commutators in —Vp. We have taken 
into account the fact that diagrams lb and lc give the same contribution. 9 

9 This is a simple corollary of the cancellation of D-terms against gluon interactions and self-energies 
in three-point functions of BMN operators at O(X') (in the complex basis) ^34,6,31,20 . In our case, 
self-interactions diagrams do not participate since they cannot generate \ogxf 2 terms at order O(A'). 
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The third and fourth term in (|4.fi|) come from the mirror diagrams Id, le and If, where 
the <j) interaction is now at the bottom. The factor 25^ comes from the free contraction 10 
of the D^Z impurity with the D U Z impurity. The coefficients Pj and Pjj come from 
summing over the BMN phase factors, and their expressions are summarised in Appendix 
C. Mirror diagrams are associated with the complex conjugate coefficients Pi and Pjj. 
Finally, the function X is defined in (|D.2|) of Appendix D. 

There are additional diagrams, drawn in Figures 2 and 3, where the interaction involves 
now the vector impurity. 




Z 9,Z Z d,Z z d,Z 

2a 2b 2c 



Figure 2: Diagrams with vector impurity interacting associated to Pj. 



These diagrams are identical to those in Figure 5 and 6 of [21], with the only modi- 
fication that the non-interacting impurity is now a scalar impurity (whereas in Figure 5 
and 6 of [21] it was a vector impurity). We will not compute again these diagrams, and 
instead borrow the result from [21]. Their contribution turns out to be precisely the same 
of the contribution (|4.6j) from the diagrams where the scalar impurity interacts. 

The final result for the pure BMN diagrams is therefore: 

2\ (9 2 ^ 



, ,, , 8(Pj - Pjj + Pj- Pjj) ■ S^Sy ■ X . (4.7) 

9 J V ^ / 

This quantity has still to be multiplied by the normalisations of the operators, in which 
we include an extra factor of J 2 = (1 — y) ■ J coming from inequivalent Wick contractions 
of O vac with the rest, 



1 y/r^j / 1 



(4- 



10 For an extensive discussion of the treatment of BMN operators with vector impurities, the reader is 
referred to [23- Free contractions of vector impurities are discussed in Eq. (34) of that paper, and the 
main results can be summarised as (D^Z D„Z)f ICC = 2 6^, and (Z D u Z)f ICC = 0. 
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Figure 3: Diagrams with vector impurity interacting associated to Pjj. 
4.2 Diagrams from compensating terms 

The compensating term is present in both operators at £3 and x±, therefore there are three 
subclasses of diagrams: (i) diagrams with compensating term in the "external" operator 
at £3 and pure BMN part in the "internal" (small) operator at xi, (ii) diagrams where 
the compensating term of both operators at X\ and £3 is considered; and (iii) diagrams 
where the compensating term of the small operator at X\ and the pure BMN part of the 
operator at £3 are taken. 

Each diagram in class (i) vanishes separately, since the only way to contract the 
impurity D V Z in OV'J (xi) is with a Z in Of m {x%), and this contraction vanishes (see 
footnote ITUj). Moreover , it is not difficult to see that the total contribution of the diagrams 
in class (ii) vanishes. Hence we are left with diagrams in class (iii), which we now discuss. 

We start by considering diagrams without gluons. The first three diagram are repre- 
sented in Figure 4, and their contribution is 
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duZ 





la 



4b 




Figure 4: Diagrams originating from the compensating term in the 'internal' operator 
(at X\). In these diagrams no gluons are emitted or exchanged. 



where q = exp(27rm/J) is the phase factor of the BMN operator at £3. The first term 
in the right hand side of (|4.9J) comes from the first diagram in Figure 4. This diagram 
is equal to the first diagram in Figure 5 of [21], from which we borrowed the result. The 
factor of 2 is easily seen from the term Tr(2Z0jZ0j) in —Vp, see (IB.4J) . The opposite 
sign of the second term in (|4.9jl is also seen from the term —Tr ((frifaZ Z) in —Vp. The 
third term comes from the term — Tr(0j0jZZ) in —Vp, and carries a BMN phase factor 
(f 2 . There are also mirror diagrams, where the interaction occurs at the bottom of the 
diagram (similarly to the fourth, fifth and sixth diagram in Figure 1). As usual, their 
effect is to add the complex conjugate of the previous result, so that the final result for 
diagrams without gluons is: 



2X ■ (1 - cos (2nmy)) 8^ v 8 l3 



(4.10) 



We now consider diagrams where a gluon is emitted from the covariant derivative D u <pj 
at X\. These gluon emission diagrams are represented in Figure 5. The total result for 
them is: 



(?) (2") ' (3X ~ 3X ' ^ ^ 



(4.11) 



The first term on the right hand side of (|4.11j) corresponds to the first diagram in Figure 
3. This diagram was computed in [21 J (it is the third diagram in Figure 5), from which 
we took the result. The only difference is that in the present case it is accompanied by 
phase factor equal to 1. The second term come from the second diagram in Figure 3, and 
carries a BMN phase factor equal to q Jl . Again, there are also mirror diagrams, where 
the interaction occurs at the bottom of the diagram. Their effect is to add the complex 
conjugate of the previous result, so that the final result for diagrams with gluon emission 
is: 



fr 



■ 6X ■ (1 - cos (2irmy)) 8^8^ . 



(4.12) 
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Figure 5: Gluon emission diagrams originating from the compensating term in the internal 
operator. 

Finally, we have to consider gluon interaction diagrams. These are depicted in Figure 
6 and, as before, there are also mirror diagrams, where the interaction occurs at the 
bottom of each diagram. However, each of the diagrams vanishes separately (this is to 



4>i d^z 4>i 




6a 6b 



Figure 6: Gluon interaction diagrams, from the compensating term in the internal oper- 
ator. 

be contrasted with the case of scalar interactions, where gluon interactions double up the 
result for the interaction from the scalar potential, as discussed in the previous subsection). 
This was shown again in j2l] (second diagram in Figure 5 of that paper). 

Adding (j4.10j) and (j4.12|) we get the total contribution of the compensating term 
diagrams, 

j ■ 16X • sin 2 (nmy) S^Sy . (4.13) 
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The result (j4.1Hj) has still to be multiplied by the normalisations of the operators (j4.8j) . 



4.3 Summary: the result for mixed impurities 

We add the results (|4.7|) and f)4.13|) . and use (jC.3|) of Appendix C, to get the total result 

(£f • (-16 X) ■ {5M ■ ?£$L sin ^ my . (4.14) 

Multiplying this result by the normalisation (|4.8|) . and amputating a factor of [(g 2 /2) A(xi3)] 
we obtain 



2 



log £12 term 



1 V 1 - y ( 1 V ( 9 2 \ ( , R rn + n/y . 2 \ log(ari 2 A) 1 

- 1 6 — —f- sin -amy ) — Q^Oij 



VI Vy \V2J \2j V "m-n/y ) 8tt 2 

-A's-2 C m , ny ■ i ^m 2 - ^ • Iog(xi2A) -1 <^(5y , (4.15) 

where C m ^ ny is defined in ()3.19|) . Equation ()4.15|) is the principal result of this section. 

The coefficient [&m,ny] scalar _ vcctor in (|H.H4|) immediately follows by comparing (|4.15jl to 
(j4.2jl . Finally, the three-point function coefficient (jH.HOJ) for mixed impurities is obtained 
from $E33) and l|T2Bjl . 



5 The correspondence for an arbitrary number of 
scalar impurities 

In this section we shall evaluate the coefficients of three-point functions of A-BMN oper- 
ators with arbitrary number of scalar impurities, and use this information to derive the 
single- double-trace two-point function of operators with an arbitrary number of scalar 
impurities. 



5.1 The results in field theory 



Every BMN operator with an arbitrary number of impurities can be decomposed into two 
pieces. The pure BMN part, which contains no Z, and the compensating part, which 
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contains Z. In order to make the structure of the general BMN operator clear, let us 
consider the example of an operator with three impurities. The pure BMN part consists 
of two terms: 

P urc= E q l 2 2 Q l i^iZ h ^z h ~ h ^z J ^)+ J2 $Q3M<l>iZ h foz l2 - l3 faz J - 12 ) . 

0<l 2 <h 0<h<h 

(5.1) 

In all cases 4>i is positioned first in the trace, while we have to sum over all the different 
orderings of the remaining impurities. Let us denote by <f> p ^ the impurity which sits in 
the i th position of a specific ordering of the impurities, and lpu\ the number of Z fields 
between 0i and 4>p{i) ( m the example given above p(2) = 2, p(3) = 3 for the first trace 
while p{2) = 3, p(3) = 2 for the second trace). Next we consider the compensating terms. 
In our example, these should be written as 



Ocomp = -<W E^)' 2 Tr(<PiZ l2 ZZ J - l >) - 5^ 2 Qs Tr(ZZ l ^ 3 Z J - 1 *) 

0<h 0<l 3 

-<W E $ MZZ h <p 2 Z J - 1 *) . (5.2) 

0<«2 

In other words, whenever two impurities in O pure are of the same flavour, we add a 
compensating term where these two impurities are replaced by Z. 

With this example in mind, it is not difficult to write down the most general form of 
an operator with n impurities, 

Os n } = - 1 V tit , , (5.3) 

1 J y/jn-l N J+n ^ K> 1 > 

p=pcrm{2,...,n) 

where i — 1, . . . , n and 

0{&£ B) E II % P % ^z^HmZ l ^Hm ■ ■ ■ ^z^) , 

0<lp(2)< l p(3)—< l p(n) * = 2 



(5.4) 



-. n— 1 n 

n lp(2)...p(n) _£ r _ \^ TT JpWJpW 

U K}comp ~ 2 ^ ^pM^p^+i) 11 %(i)%{k+l) 

k=2 0<lp(2)—<lp(k)<lp(k+2)—<lp(n) i=2,i^=p(k+l) 

n 

-^^o) E II %t MZZ l *^ m ■ ■ • <M„)^-^>) . (5.5) 



0<lp(3)— <lp(n) i— 3 



The origin of the | in front of the first term of ti^ 2 ^^ is quite clear. It comes from 
the fact that we have counted twice the same term, since we have two orderings where 
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4> p u\ and 4> p a+i) coincide. The one with p m coming first and (frpu+i) following and vice 
versa. Finally, we note that in principle more compensating terms should be added to the 
right hand side of ()5.5|) when two or more pairs of impurities coincide. These terms are 
irrelevant for our purposes in the BMN limit. 

In the above expression, 4> P {i) £ {01,02,03,04}- This makes the meaning of the Kro- 
necker 5-symbols functions obvious. It should also be noted that the operator given above 
is normalised so that its two point function is one at the free theory level. 11 

As in section 3, we will need the expressions for double-trace operators, 

T* V> = = VIZ} ■■ ■■ °u\~ y) ■ ■ M) 

On general grounds, the two-point function of the double- and single-trace BMN operators 
takes the form 

(T { if }{M (0) d( m} (x)) = g 2 C iree [l + X' (a + b + c) log(xA)~ 2 ] . (5.7) 

In (15. 7|) we have suppressed the indices of a, b and c. Here (9/ m a contains p% impuri- 
ties, whereas the two single-trace expressions in X^fyik.} contain p 1 and p 2 impurities, 
respectively. 

Compared to (|H.2()jl . the above equation contains a new coefficient, c. This is due to 
the fact that the second operator on the right hand side of ()5.6|) is no longer just the 
vacuum, but instead is a generic string state. This results in an additional logarithmic 
part for the three-point function (|3.18|) . i.e. c • log(x32A) 2 ). 

The next step is to calculate the matrix of classical overlaps S. To this end, we 
will need to compute the correlation functions of single-trace operators with double-trace 
operators to 0(g2). We will not need the correlation functions of two different double- 
trace operators, because these overlaps are of 0(g%). Hence, it is possible to treat each 
double-trace operator independently and write the expressions ()5.9jl . (|5.13|) and (j5.14|) as 
two by two matrices. 

Thus the classical overlap is given by 

S=t + g 2 s } (5.8) 



(5.9) 



where 

Cfree 
Cfree 

11 Strictly speaking this is true only when all the q's which correspond to a particular <f>, say 4>i, are 
different. This is the case that we are going to consider. However what follows can be applied with slight 
modifications to the case where two or more of the q's are the same. 
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and 



Oxee = £ ^ee , (5-10) 
perm' 

where 

c p = (~1) P2 tt sm(7im p{a) y) sm(7im p(b+pi) y) 

free it™ ^yPi~i{\- y )v2-ij 1 = 1 m p(a) - 7i a / y fj^ m p{b+Pl) - k b /(l - y) ' 

The sum in (|5.10J) is over all the admissible permutations of the {mj}, which label the 
barred BMN operator, as on the left hand side of (|5.7j) . A permutation is admissible only 
when the permuted numbers belong to 0's of the same flavour. 

Our next goal is to determine the anomalous dimension matrix T, 

T = d + g 2 t, (5.12) 

where the diagonal part d contains the anomalous dimensions, as in (|3.24J) . 

/ ElUrnl/2 \ 

d=X'\ , (5.13) 

V o EtX/V + E^/2(i-W 

and 

t = V ( I « ? ) . (5,4, 

ti2 can be read from ()5.7|) . and is given by 

tu= ^CZJa + b + c) . (5.15) 

perm' 

The coefficients a and c are given by the anomalous dimensions of the first and second 
operators in the definition of T, 

= 7^, c=V ? fc " - . (5.16) 
2y 2 ' ^ 2 1 - u 2 v ; 

o=l y 0=1 v y > 

The contributions of ^ perm , Cf ree a and ^ perm , C? ree c to t i2 in ()5.15j) factorise, to give 

Cfree 0, Cf ree C , (5-17) 

respectively. 

The remaining contribution to t i2 is X] pcrm / C£ ee 6. It can be extracted from the 
coefficient of the corresponding three-point function following the same logic as in section 
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3. These three-point functions of generic BMN operators with arbitrary numbers of scalar 
impurities are computed in the following section. Our result is 

J2 ^frce b = Yl ^frec \ (j^ m p(a) (™ P (a) ~ ^) + Y m P(-+P.) (™p(a+ Pl ) ~ 

perm' perm' \a=l ^ ' 0=1 

Pl j P2 



(o,6) (o,6) 



j Pi P2 \ 

+ 2 5Z( m PM - n «) ( m P(Pi+b) - k b) ) • ( 5 - 18 ) 

a=l 6=1 / 

The double sum summation notation (a, 6) means that we do not distinguish between the 
pair a, b and the pair b, a (a ^ b). 

As in section 3, the anomalous dimension matrix T in the isomorphic to string basis 
is given by 

T = d + g 2 t' , t ' = t-^{s,d}, (5.19) 

where 

and <5j is the anomalous dimension of the i th operator (i = 1,2,3). After some algebra, 
we obtain the final result: 

Pl / \ 2 P2 



x 92 ^ P ( ( n, 

perm 



Yl ^ee ( £ (™p(«) " ^ ) + £ (™ p(a+pi ) " y^") 
>erm' \a=l V U ' a=l V y ^ 

+ y^(m p ( a ) - n a ){m p (b) - n b ) (5.21) 

0,6) 

P2 Pl P2 

(a,b) o=l 6=1 

This is our final expression for matrix elements in gauge theory. In the next section we 
will compute the corresponding three-string amplitude and compare it to (JEZEJ). We will 
find perfect agreement. 



5.2 The results in string field theory 



In this subsection we assemble the basic ingredients of the SFT calculation of the string 
amplitude for states with an arbitrary number of scalar impurities. The amplitude has 
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the form (3Ej (we refer the reader to Appendix A for more details) 

($|P|Vb) , (5.22) 

where (<&| represents the three external string states, \Vb) is the kinematic part of the 
bosonic vertex ([A. 6)1 . and the prefactor P is given by 

3 oo 

z — ' z — ' aa r 

r=l — oo 

Cnorm is defined in such a way that we get agreement with the field theory calculation. 
Its value is taken to be 

C m = —92^^- . (5.24) 

The prefactor can act on the external bra-state and give a sum of 2p% terms, each of which 
has an external state identical to the initial ($|, except one of the a n 's which has changed 
to a_ n . Of course each of these terms is multiplied by the corresponding u rn / \ia r . What 
we are left with is the action of the exponential in \Vb)- In order to keep the comparison 
to field theory as simple as possible, we choose a certain set of associations between the 
impurities of the third string and the impurities of the other two strings. The final result 
will be a sum over all possible such associations, i.e. permutations of this set. 



When an external oscillator has not been changed by the prefactor, the action of |Vg) 
gives a factor of N^ r „, where r = 1, 2, 3. But if the external oscillator has been changed 
by the prefactor, the action of \Vb) gives a factor of 

p3r _ ]C r 3r U 3n a ^ 3r ^rn' a _ ry 3r / ^3n a ^rn' a \ 

P n a -n' — iV -n a n' <~ JV n a -n> ~ iV n a -< I 1 I ■ K°- Z0 ) 

One can evaluate F^ r , to get 

tin. 1 1 „ t - J 



Z7-31 _ (_-\\n a +n' a . 



n a -n 



A' ( n' a \ 2 sm(nn a y) 



^Vv V V J n a~n' a /y 

F 33_ = ( _ ir . a+<+ l 



27r v /T^i v a,y n a -n'J{l-y) 
2sva{im a y) sm(im' a y) 



F 11 

1 n a -n 



7T/i 

2(-l)»a+< 



na na 47r/i(l -y) K ' 
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We are now in position to write down the result for a given permutation. This reads 

Pl Pl P2 P2 Pi P2 



($\P\V B )= C d 



Ep31 TT aV31 TT <t32 i p32 TT 7^31 TT at32 

r m a -n a J_ J_ ly m b n b J_ J_ ly m b+Pl k b ' / , r m a -k a J_ J_ ly m b n b J_ J_ 1 *m b+Pl k b 

. a b^a 6=1 a 6=1 6^a 



Pl Pl \ Pl P2 



-4- I f 33 n 11 -i- f 11 /v 33 TT ?v 31 TT /v 32 271 

' \ 7 j ma—m,h n a nh ' 7 j n a —nh m a mh I 11 m c n c 1 1 - 1 V m c+P1 k c W-^'/ 

k (a,6) (a,6) / c^a,6 c=l 

P2 P2 \ Pl P2 

-+- I f 33 n 22 -+- f 22 /v 33 I TT /v 31 TT zv 32 

J m Pi+a~ m Pi+b k ak b ' r k a -k b ly m Pl+a m pi+b I J_J_ iv m c ii c H ly m c+Pl k c 

(a,b) (a, 6) / c=l c^a,6 



Pi P2 Pi P2 \ Pl P2 

32 



_l f 33 n 12 + f 12 /v 33 1 TT /v 31 TT /v 

' \ 7 j 7 j rna-m^+h 1 ^ m a k h ~~r / 4 / j r riq-ki, 1 v m a m„ 1 _|_^ I 1 1 - 1 y m c n c 1 1 J V 7 
v a=l 6=1 a=l 6=1 / c^a c=£b 



As before, in the double sum over all pairs (a, b) which appears above we do not distinguish 
between the pair (a, b) and the pair (6, a). Making use of the expressions for the Neumann 
matrices from (HE! it is now easy to obtain the final expression for the matrix element in 
string theory: 

<*|P|Vb> = ^ 92 A' £(m„ - y + - y^-) 2 

^ o=l y a=l 

Pi 

+ J^(m a - n a ){m b - n b ) + (m 6 - n a ){m a - n b ) 

(a,b) 

P2 

+ ^(m pi+a - k a )(m pi+b - k b ) + (m pi+fe - k a )(m pi+a - k b ) 

(a,b) 

Pl P2 \ 

+ ^^K - n a )(m Pl+b - n b ) + (m Pl+b - n a )(m a - rib)) ■ 

a=l 6=1 ' 



(5.28) 



One should note that in calculating the three string vertex we did not take into account 
terms where there were two contractions of oscillators belonging to the same string if the 
prefactor had not acted on one of these oscillators previously. This is so because these 
terms are of order (l//i) 4 = A' 2 , as can be easily seen. 12 



In order to get the final string theory result, we should not forget to sum ()5.28j) over 
all the admissible permutations, as we have done for the field theory result. This means 
that the first line of ()5.28|) should be summed over all the possible permutations, while the 
remaining lines should be summed over all permutations except those which exchange the 
m's associated with the labels a and b (more precisely, the permutations which exchange 

12 There is a subtlety in writing (|5.28|) . since the C p for each term in that equation are in fact different: 
to each term in i|5.28[l one should associate the C p corresponding to the permutation of the indices which 
label m, n and k appearing in the term considered. 
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m a with vtihi rn Pl+a with m Pl +b, m a with m Pl+ b in the second, third and fourth line of 
(|5.28p . respectively). Including these permutations would result in a double-counting. 
Once this sums are performed, we obtain perfect agreement with the field theory result 



6 A technical aside: calculation of general scalar BMN 
three-point functions 

This final section is devoted to the derivation of the expression (j5.18|) . 

Our goal is to calculate (O j ^^{xi) v \x 2 ) O^ m ^(0)). To simplify the notation, we 

will rename the operators in this Green's function as Ci(xi), 2 (x 2 ) and C^O). Let us 
assume that there are f± 4>iS, f 2 02 ' s > /i 03' s an d fi^ 04' s m the i th operator where 
i — 1,2, 3. We consider the case where /} = + f[ with similar relations holding for 
the other three impurities. 

There are of course many different diagrams. In order to deal efficiently with them, 
let us select a particular set of Wick contractions between the impurities of the barred 
operator and the impurities of the unbarred operators. Obviously, only impurities of the 
same flavour can be contracted. The full result will then be a sum over all the different 
permutations of such contractions. 

We start by considering the diagrams where the pure BMN part is taken in each 
of the three operators. These are drawn in Figure 7. It is easy to see that there are 
y.^(3)|y.^(3)|y.^(3)|y.j3)| ^jfjgj.gj^ contributions. Let us select one of them and draw the corre- 
sponding diagrams, Figure 7, in which the i th <pi field of 03(0) interacts with the n th 0i 
field of Oi(xi), while all the other fields are freely contracted. The phase factor associated 
with these free contractions becomes, in the BMN limit: 



(OH). 



Pi Ji VI J 



Pi 



1,., 



o^n i„=l 6=1 /b=Ji+l 

Pi Jl P2 J 





Pi 

'3-1 TT p-Kim a y 



sin Trm a y 



IF 



-mm pi+b y 



(-1) P2 sin irm Pl+b y 



(6.1) 



(m a - n a /y)7i 



b=l 



(m Pl+b - k b /(l -y))ir 
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Recall that (|5.1jl . (|5.2|l and (|5.4jl . (|5.5jl do not contain q\. In (16. 1 J) and in what follows 

impurity (r a 



gi is defined as gi = 11^=2 Ok anc ^ % = e 27m ™ i//J is the phase factor of the i 
and p a are the phase factors of 0\ and O2 respectively) 



th 





7a 



7b 



Figure 7: Feynman diagrams where a scalar impurity from 0\ interacts with a Z field. 
The dots stand for impurities which have free contractions. These diagrams are also 
accompanied by their mirror images, where the interaction occurs in the bottom part of 
the diagram. 



Note that in obtaining the above formula we have taken into account all the possible 
orderings of the freely contracting impurities. 

We also need the phase factor associated with the fields which are involved in the 
interaction. This is given by 

— 4-7T777 ■ 

P 1 = (g/ 1 - l)(g, - l)g 2 = -JL-Le-™" sinvrm^ . (6.2) 

The total phase factor will be P = P1P2 13 Taking into account the normalisation of the 
operators, and evaluating the space-time integral associated with the vertex (see (jD.ljl ). 
one gets: 



G 



(1) _ J P3 yj smirm a y yj smnm Pl+b y 

3 — 

N 



_ 1 T am /l iiu a y -i-r sill iuiL pi+b y 



(-A')— h ^log^. 6.3 

V ' 47TP3 %12 

In the previous expression we are keeping only the log £12 terms, which are relevant to 
determine the coefficient b in (|5.7J) . similarly to what we did in section 4. We denoted by 



13 



In this section the Lagrangian and Feynman rules of |H3 are used. 
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Gg the part of the three-point function which corresponds to the diagrams of Figure 7, 
and by P3 = pi + pi the number of the impurities of O3. 

In order to make easier the comparison with the string theory result, we rewrite (J6.3j) 



as 



JP3 



sin nm a y 



n 



n 



sin Trm Pl+b y 
\ m pi+b - k b /{l - y) 



\I>2 



rrii sin irrriiy 
2vrP3 



(6.4) 



Equation ()6.4|) corresponds to the first term in the first line of ()5.18|) . Until now we have 
considered only diagrams where the interacting belongs to the operator 0\. Of course, 
there are diagrams where it is an impurity in O2 which interacts. These contributions 
produce the second term in the first line of (j5.18j) . 

Now we consider the diagrams in Figure 8. In these diagrams we take for 0\ the 

z 





Figure 8: In Figure 8a we take the pure BMN part in the external operator, whereas in 
8b we take the compensating term. In both cases we take the compensating term in 0\ 
and the pure BMN part in 02 • Here i and j label the position of the corresponding <ft in 
the barred BMN operator. 

compensating term, for O2 the pure BMN part, and for (f) 3 the pure BMN part (Figure 
8a) or the compensating term (Figure 8b). In the case where two 0i's interact, the number 

of different diagrams is ! ^f^^-flt^ ^ 1 ^\ — — • This number is obtained as follows. 
There are /W(/W-l)/2 different ways to single out two 0i's from the operator 0\. This 
should be multiplied by the f^\f^ — 1)/2 different ways in which we can choose two 0i's 
from the barred operator O3, times the number (f[ 3 ^ — 2)\f2 3 ^-f^ \f^\ of independent 
free contractions of all the remaining impurities. 
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Evaluating the phase factor associated with the interacting fields we get 

P 1 = (<?/ 1 -1)0?/ 1 -1)<? 2 - (6.5) 
For the total phase factor one obtains 

Pi . P2 

p _ JP1+P2-2 TT c -mm a y smirm a y JT e -mm P1+b y simrm Pl+b y 

g 2 (-4) sin nrriiy sin irmjye-™^™^ . (6.6) 
The contribution to G3 which corresponds to the diagrams of Figure 8 is therefore 



G (2) = -tt sin7rm a y yr simrm Pl+b y 

3 ATyG^JpJp hh ma ~ nJy 6=1 mpi+6 " h/{1 ~ y) 

. w . sin7rmi , ysin7rm,'y , , 

From the last equation we can extract 



k 



J Pi -p-r sin nm a y 



92CU™ = 1 n 

Ny/jn-^-'j?- 1 m a ~ nJy 

n simrm Pl+b y sin nrrny sin Tinny 

rr, . , -h, !(-[ ^ 27TP3 ' 



J m Pl+b - k b /(l - y) 



This term corresponds to the first term of the second line in (|5.18jl . There are also 
diagrams where we consider the pure BMN part in 0\ and the compensating part in O2 
(rather than the opposite). These terms produce the second term in the second line of 

(EH- 

We now consider the last set of diagrams, which are represented in Figure 9. In order 
to draw these diagrams we have used (|5.4|) for the operators Oi, C 2 , and (|5.4j) . (|5.5|) for 
the barred operator. In these diagrams the x th <p\ belongs to 0\, while the z th 0i belongs 
to 02 ■ 

In this case the phase factor associated with the fields which interact becomes 

Pi = (q- 1 - ml 1 - i)(-g 2 ) ■ (6-9) 

For the total phase factor one obtains 

Pl . P2 

p = jpz-2 TT c -«im a y snnrmgy yr^^^ smnm Pl+b y t 

m a - n a / y m Pl+b - k b / y 

^~?^~ 4 | sin ™iV sin 7rm,?/e-™ (mi+m ^ . (6.10) 
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Figure 9: In Figure 9a we take the BMN part in the external operator, whereas in 9b we 
take the compensating term. 

The contribution to G3 which corresponds to the diagrams of Figure 9 is therefore 



G (3) = tt sm^m a y yr sm7mi pi+b y ^ ^ 

3 NyJjr*-iJ?- x J?- x ii ma ~ Ua/y m ^ +b ~ - V) 

sin Tirrny sin nrrijy x\x\ 
(—A ) log — k— . (6.11) 

From this equation we extract 

rP , ( 3 ) _ J p ~ 3 fr sm7rm a y 

N^JP^Jf 1 - 1 ^ 2 - 1 m « " ^ 

n sm Tim pi+b y yp2 sin 7rm t y sin vrm^ 

^- pi+fe -V(l-y) ( j • ^ 

Finally, by adding (|fi.4j) . (|fj.8jl and (|fj,12jl (and the terms similar to (|fi.4j) and (|fi.8)l . as 

discussed in the text), and summing over all permutations, it is immediate to obtain 

(EUD- 
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Appendix A: the three-string vertex 



We first specify the notation and conventions used in pp-wave string field theory. The 
combination a'p + for the r-th string is denoted a T and J2v=i a * = 0- As i s standard in 
the literature, we will choose a frame in which = — 1 

«r = a'p£) : «3 = -1, aci = y, a 2 = 1 - y. (A.l) 

In terms of the U(l) R-charges of the BMN operators in the gauge theory three-point 
function, (Cf 1 0( 2 0() we have 

y = y, i-i/ = - j, ye (0,1), (A.2) 

and J = Ji + J 2 . 

The effective SYM coupling constant (jl.2j) in the frame (|A.1J) takes the simple form 

A ' = (/ip+a') 2 ^ G^? = (A ' 3) 

Here /i is the mass parameter which appears in the pp-wave metric, in the chosen frame 
it is dimensionless 14 and the expansion in powers of l//i 2 is equivalent to the perturbative 
expansion in A'. Finally, the frequencies are defined via 



u Tm = ^Jm 2 + (/i« r ) 2 . (A.4) 



The three-string vertex \H%) can be represented as a ket-state in the tensor product 
of three string Fock spaces. It has the form [3IB] 

1 3 

-\H;) = P\V F )\V B )5(j2 a r) , (A.5) 

^ r=l 

where the kets \Vb) and \Vf) are constructed to satisfy the bosonic and fermionic kine- 
matic symmetries, and a r are defined in (jA.ljl . The bosonic factor \Vb) is given by 

(, 3 oo 8 \ 

2E E E< /+ ^>n 7t I0)|0)|0)» ( A -6) 
r,s=l m,n=— oo 7=1 / 

where the N™ n are the Neumann matrices in the BMN-basis of string oscillators. The 
complete perturbative expansion of the Neumann matrices in the pp-wave background in 

14 It is p + fj, which is invariant under longitudinal boosts and is frame- independent. 
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the vicinity of \i = oo, was constructed in [35J 15 . The fermionic factor \Vp) is not going to 
be relevant for the present paper, where only external bosonic string states are considered. 

The prefactor P is a polynomial in the bosonic and fermionic oscillators, and is deter- 
mined from imposing the remaining symmetries of the pp-wave background. The relevant 
for us bosonic part of the prefactor, as determined by Spradlin and Volovich in |Hj, reads 

3 oo 

P = C m V V ^a^ali v u , (A.7) 
^ ^ fia r 

r=l — oo 

where vu = diag(]U, — 14), and the overall normalisation O nor m is left undetermined. 
Notice that it is the expression for vu which leads to the relative minus sign between 
the string amplitudes involving states with excitations along the two different 50 (4) 's as 
e.g. in (USD an d dSHTj- 



Appendix B: notation and conventions in gauge 
theory 



We write the bosonic part of the M = 4 Lagrangian as 

C = j 2 Tr (-F^F^ + ^(D^D^fa) - \[fa,fa][fa,fa^J , (B.l) 

where fa, i = 1, . . . , 6 are the six real scalar fields transforming under an R-symmetry 
group 50(6) . The covariant derivative is D^fa = d^fa — i[A^, fa], where = A^T 11 , and 
Ffiv = d^A u — d u A fM — i[A^, A v \. 



If we define the complex combination 

05 + % 



:b.2) 



V2 ' 

the M = 4 Lagrangian can be re-expressed as 

C = j 2 Tr (jF^F^ + WZ)(D^Z) + -(D^D^ + V F + V D , (B.3) 

where the F-term and D-term potential are 

Vf = ~\ Tr(2ZfaZfa-fafa(ZZ + ZZ) + ---) , (B.4) 
9 

V D = — ^7 Tr ( ZZZZ — ZZZZ + • • • ) , (B.5) 
9 



15 We refer the reader to the Appendix of Ref. 36 for some useful properties of the perturbative 
Neumann matrices and relations between different string-oscillator bases. 
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are the F-term and D-term of the scalar potential respectively. In the last equalities the 
dots stand for impurity flavour changing terms, which mutually cancel between the F- 
and the D-term. 



Our SU (N) generators are normalised as 

Tr (T a T b ) = 5 ab , (B.6) 

so that, for example, 



,2 



(Z i j (x)Z l m (0)) = ^S i m 5 l j A(x) , A(x) = — . (B.7) 
Finally, we will use the definitions J := Ji + J 2 and J\ = y • J, where y G (0, 1). 

Appendix C: summing over BMN phase factors 

We report here the expressions for the coefficients Pi and Pn which arise after summing 
over the BMN phase factors in the interacting diagrams of section 0] Defining 

the expressions for Pi and Pn are given by 

■h Ji 

1=0 1=0 

We also need to evaluate the quantity 2 (Pi + Pi) — 2(Pn + Pn), which in the BMN limit 



is 



2(Pi + Pi)-2(Pii + P n ) = "H—sin^rny. (C.3) 

m — n/y 



Appendix D: the function X 

The expression for three-point functions of BMN operators with scalar, vector, or mixed 
impurities involves the ubiquitous integral 

X1234 = J d 4 z A(xi - z)A(x 2 - z)A(x 3 - z)A(x 4 - z) . (D.l) 

-^1234 develops a \ogx\ 2 term X as X\ approaches x 2 , which repeatedly appears in section 



HJ The expression for X is 



log(xi 2 A) 1 



X '- Xl234 U=, 4 ~ Stt* (4Ap • (D ' 2) 
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